Abstract. We define reduction of locally conformal Kähler manifolds, considered as conformal Hermitian manifolds, and we show its equivalence with an unpublished construction given by Biquard and Gauduchon. We give two independent, equivalent definitions, the first via local charts, the second via lifting to Kähler reduction of the universal covering. By a recent result of Kamishima and the second author, in the Vaisman case (that is, when a metric in the conformal class has parallel Lee form) if the manifold is compact its universal covering comes equipped with the structure of Kähler cone over a Sasaki compact manifold. We show the compatibility between our reduction and Sasaki reduction, hence describing a subgroup of automorphisms whose action causes the quotient to bear a Vaisman structure. Then we apply this theory to construct a wide class of Vaisman manifolds.
Introduction
Since 1974 when the classical reduction procedure of S. Lie was formulated in modern terms by J. Marsden and A. Weinstein for symplectic structures, this technique was extended to other various geometric structures defined by a closed form. Extending the equivariant symplectic reduction to Kähler manifolds was most natural: one only showed the almost complex structure was also projectable. Generalizations to hyperkähler and quaternion Kähler geometry followed. The extension to contact geometry is also natural and can be understood via the symplectization of a contact manifold. In each case, the momentum map is produced by a Lie group acting by specific automorphisms of the structure.
A locally conformal Kähler manifold is a conformal Hermitian manifold ðM; ½g; JÞ such that for one (and hence for all) metric g in the conformal class the corresponding Kähler form W satisfies dW ¼ o5W, where o is a closed 1-form. This is equivalent to the existence of an atlas such that the restriction of g to any chart is conformal to a Kähler metric.
The 1-form o A W 1 ðMÞ was introduced by H.-C. Lee in [15] , and it is therefore called the Lee form of the Hermitian structure ðg; JÞ.
It was not obvious how to produce a quotient construction in conformal geometry. The first published result we are aware of belongs to S. Haller and T. Rybicki who proposed in [12] a reduction for locally conformal symplectic structures. Their technique is essentially local: they reduce the local symplectic structures, then glue the local reduced structures. But even earlier, since 1998, an unpublished paper by O. Biquard and P. Gauduchon proposed a quotient construction for locally conformal Kähler manifolds [3] . Their construction relies heavily on the language and techniques of conformal geometry as developed, for example, in [6] . The key point is the fact that a locally conformal Kähler structure can be seen as a closed 2-form with values in a vector bundle (of densities).
Our starting point was the paper [12] . Following the lines of the Kähler reduction, we verified that the complex structure of a locally conformal Kähler manifold can be projected to the quotient. In Section 2 of this paper we construct the momentum map associated to an action by locally conformal Kähler automorphisms, lying on the notion of twisted Hamiltonian action given by I. Vaisman in [23] . In Section 3 we extend Haller-Rybicki construction to the complex setting, and we outline the equivalence between the BiquardGauduchon reduction and ours.
It is known that the universal covering of a locally conformal Kähler manifold has a natural (global) homothetic Kähler structure. In Section 4 we remark that, more generally, the category of locally conformal Kähler manifolds can be seen as the image of the category of pairs ðK; GÞ of homothetic Kähler manifolds with a subgroup G of homotheties acting freely and properly discontinuously, via the functor associating to ðK; GÞ the locally conformal Kähler manifold K=G. We prove that under this functor Hamiltonian transformations go to twisted Hamiltonian transformations and vice-versa that the preimage of twisted Hamiltonian transformations are Hamiltonian, see Theorem 4.5 and Remark 4.6. So the images of subgroups producing Kähler reduction actually are subgroups producing locally conformal Kähler reduction (up to topological conditions), and vice-versa. This is an independent, intrinsic definition of locally conformal Kähler reduction. Moreover this definition provides an e¤ective computational tool, see Remark 4.6.
The above setting proves to be useful to face the problem of reduction of compact Vaisman manifolds. This notion arises from the very beginning of the study of locally conformal Kähler manifolds: most of the known examples of locally conformal Kähler metrics are on compact manifolds and enjoy the additional property of having parallel Lee form with respect to the Levi-Civita connection. Locally conformal Kähler metrics with parallel Lee form were first introduced and studied by I. Vaisman in [20] , [22] , so we call Vaisman metric a locally conformal Kähler metric with this property. Manifolds bearing a Vaisman metric show a rich geometry. Such are the Hopf surfaces H a; b described in [10] , all di¤eomorphic with S 1 Â S 3 (see also [19] ). More generally, I. Vaisman firstly showed that on the product S 1 Â S 2nþ1 given as a quotient of C n n0 by the cyclic infinite group spanned by z 7 ! az, where z A C n n0 and jaj 3 1, the projection of the metric jzj À2 P dz i n dz i is locally conformal Kähler with parallel Lee form Àjzj À2 P ðz i dz i þ z i dz i Þ. The complete list of compact complex locally conformal Kähler surfaces admitting parallel Lee form was given by F. Belgun in [2] where it is also proved the existence of some compact complex surfaces which do not admit any locally conformal Kähler metric.
The definition of Vaisman metric is not invariant up to conformal changes. A conformally equivalent notion of Vaisman manifold is still missing, but a recent result by Kamishima and the second author in [13] provides one in the compact case, generalizing the one first proposed by Belgun in [2] in the case of surfaces. We develop this notion in Section 5 where we analyze reduction in this case.
Vaisman geometry is closely related with Sasaki geometry. The category of pairs ðW ; GÞ, with W a Sasaki manifold and G a subgroup of (proper) homotheties of the Kähler cone W Â R acting freely and properly discontinuously, injects in the category of pairs ðK; GÞ previously defined. The category of (compact) Vaisman manifolds can be seen as the image of the functor associating to ðW ; GÞ the locally conformal Kähler manifold ðW Â RÞ=G. This functor is surjective on objects but not on morphisms: we call Vaisman morphisms those in the image. What we prove in Section 5 is that, up to topological conditions, subgroups of Sasaki automorphisms producing Sasaki reduction go to subgroups producing Vaisman reduction, and vice-versa. This is particularly remarkable since, up to topological conditions, Sasaki reduction applies to any subgroup of automorphisms, that is, the momentum map is always defined. So we obtain that reduction by Vaisman automorphisms is always defined (up to topological conditions) and produces Vaisman manifolds.
This allows building a wide set of Vaisman manifolds, reduced by circle actions on Hopf manifolds, in Section 6.
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Locally conformal Kähler manifolds and twisted Hamiltonian actions
Let ðM; JÞ be any almost-complex n-manifold, n f 4, let g be a Hermitian metric on ðM; JÞ. A relevant notion in this setting is that of twisted di¤erential. Given a p-form c its twisted di¤erential is the ðp þ 1Þ-form Remark 2.2. If, in particular, the Lee form of one (and hence all) of the metrics in ½g is exact, then the manifold is said to be globally conformal Kähler. This is in fact equivalent to requiring that in the conformal class there exists a Kähler metric, that is, any metric in ½g is globally conformal to a Kähler metric. From [21] it is known that for compact manifolds possessing a Kähler structure forbids existence of locally non-globally conformal Kähler structures, so the two worlds are generally considered as disjoint. In this paper, however, the two notions behave the same way, so we consider the global case as a subclass of the local case. The group AutðMÞ is a Lie group, contained as a subgroup in the complex Lie group of biholomorphisms of ðM; JÞ. However, unlike the Riemannian case, the Lie algebra of AutðMÞ is not closed for the complex structure. This will be used in the sequel.
In this paper we consider locally conformal Kähler manifolds ðM; ½g; JÞ and (connected) Lie subgroups G of AutðMÞ.
Remark 2.4. It follows from [16] that whenever a locally conformal Kähler manifold M is compact, the group AutðMÞ coincides with the isometries of the Gauduchon metric in the conformal class, that is, the one whose Lee form is coclosed. Hence, in particular, AutðMÞ is compact. More generally if a subgroup G of AutðMÞ is compact then by using the Haar integral one obtains a metric in the conformal class such that G is contained Gini, Ornea and Parton, Locally conformal Kähler reduction in the group of its isometries. So the case when G is not constituted by isometries of a specific metric can only happen if both M and G are non-compact.
Not unlike the Kähler case, locally conformal Kähler manifolds come equipped with a notable subset of XðMÞ: given a smooth function f the associated Hamiltonian vector field is the W-dual of df , and Hamiltonian vector fields are vector fields that admit such a presentation. But the notion that works for reduction, as shown in [12] , is the one given in [23] obtained by twisting the classical. The associated twisted Hamiltonian vector field of f is the 
so that multiplication by e a yields an isomorphism between À C y ðMÞ; f ; g W Á and À C y ðMÞ; f ; g Throughout the paper we identify fundamental vector fields with elements X of the Lie algebra g of G, so that if x A M then gðxÞ means T x ðGxÞ.
Imitating the terminology established in [17] , we call the action of G weakly twisted Hamiltonian if the associated infinitesimal action is of twisted Hamiltonian vector fields, that is, if there exists a (linear) map m
X for fundamental vector fields X A g, and twisted Hamiltonian if m can be chosen to be a Lie algebra homomorphism with respect to the twisted Poisson bracket on C y ðMÞ. In this case we say that the Lie algebra homomorphism m is a momentum map for the action of G, or, equivalently, with the same name and symbol we refer to the induced map m : M ! g Ã given by
hmðxÞ; X i ¼ def m X ðxÞ, for X A g and carets denoting the evaluation.
Remark 2.6. Note that the property of an action of being twisted Hamiltonian is a property of the conformal structure, even though the Poisson structure on C y ðMÞ is not conformally invariant, see Remark 2.5.
In particular the preimage of 0 is well-defined. Moreover, m À1 ð0Þ is closed for the action of G, and if additionally 0 is a regular value for m, then m À1 ð0Þ is a coisotropic submanifold of M.
Remark 2.7. It is pointed out in [3] that a twisted Hamiltonian action preserves each local Kähler metric in the conformal class.
Gini, Ornea and Parton, Locally conformal Kähler reduction Remark 2.8. According to [12] , Proposition 3, a weakly Hamiltonian action on a compact non-Kähler locally conformal Kähler manifold always admits a unique momentum map.
Definition of locally conformal Kähler reduction via local charts
The same way one obtains Kähler reduction from symplectic reduction (see [9] ), we obtain locally conformal Kähler reduction from Haller's and Rybicki's locally conformal symplectic reduction (see [12] ) by showing compatibility with the induced complex structure. Proof. We induce the complex structure J on m À1 ð0Þ=G using the ½g-orthogonal splitting T x M ¼ E x l gðxÞ l JgðxÞ, as for Kähler reduction (see [9] ). Then a straightforward computation shows that the locally conformal symplectic structure on m À1 ð0Þ=G defined in [12] is positive and compatible with J, and this ends the proof. r Remark 3.2. If m À1 ð0Þ=G has real dimension two then reduction equips it with a complex structure and a conformal family of Kähler metrics. Remark 3.3. Let us note by passing that the zero level set o¤ers a natural example of CR-submanifold of M (see [8] ). Indeed, the tangent space in each point splits as a direct orthogonal sum of a J-invariant and a J-anti-invariant distribution:
A result of D. Blair and B. Y. Chen states that the anti-invariant distribution of a CRsubmanifold in a locally conformal Kähler manifold is integrable. In our case, this is trivially true because the anti-invariant distribution is just a copy of the Lie algebra of G.
Remark 3.4. In defining the reduced locally conformal Kähler structure on m À1 ð0Þ=G we used a specific metric in the conformal class ½g, to obtain a conformal class ½g. In the unpublished paper [3] O. Biquard and P. Gauduchon give a more intrinsic construction, which makes use of the language of conformal geometry (see for instance [6] ). Using the fact that a metric g in the conformal class ½g induces a positive trivialization l t g of densities L t , one associate to L t -valued tensors on M classical tensors on M: for instance, the canonical Weyl connection ' is given essentially by the Lee form o g , and a di¤erential L 2 -valued form c is given by a classical di¤erential form c g . The formula
g allows then to show that the locally conformal Kähler reduction given in [3] is equivalent to the locally conformal Kähler reduction given in Theorem 3.1. 
Definition of locally conformal Kähler reduction via Kähler reduction
In this section we analyze the relation between locally conformal Kähler reduction of a manifold and Kähler reduction of a covering. We refer to [9] for the Kähler reduction.
As a first step we show that the two notions of reduction on globally conformal Kähler manifolds are compatible.
Proposition 4.1. Let ðM; ½g; JÞ be a globally conformal Kähler manifold and denote by g a Kähler metric. Let G H AutðMÞ a subgroup satisfying the hypothesis of the Reduction Theorem. Denote by À m À1 ð0Þ=G; ½g; J Á the reduced locally conformal Kähler manifold. Then the action of G is Hamiltonian for g, the submanifold m À1 ð0Þ is the same as in the Kähler reduction and the conformal class of the reduced Kähler metric is ½g. So, in particular, the reduced manifold is globally conformal Kähler.
Proof. As the action of G is twisted Hamiltonian for ½g, Remarks 2.5 and 2.6 imply that it is Hamiltonian for g. Moreover, the subspace m À1 ð0Þ is the same for both notions. The construction of the almost-complex structure on the quotient is the same in the two cases, so J is defined. Denote byW W the Kähler form that the Kähler reduction provides on We now concentrate our attention to the structure of the universal coveringM M of a locally conformal Kähler manifold ðM; ½g; JÞ.
Remark 4.3. The pull-back by the covering map p of any metric of ½g is globally conformal Kähler sinceM M is simply connected. It is easy to show that on any complex manifold Z such that dim C ðZÞ f 2 if two Kähler metrics are conformal then their conformal factor is constant. In our case remark that the pull-back of any metric in ½g is conformal to a Kähler metricg g byg
where t satisfies dt ¼ og g ¼ p Ã o g and is then only defined up to adding a constant. What is remarkable is that the action of p 1 ðMÞ onM M is by homotheties of the Kähler metrics (we fix points in M and inM M in order to have this action well-defined). Moreover any element of AutðMÞ lifts to a homothety of the Kähler metrics ofM M, if dim C ðMÞ f 2. This is in fact an equivalent definition of locally conformal Kähler manifolds (see [22] and [8] ).
With this model in mind, we define a homothetic Kähler manifold as a triple ðK; hgi; JÞ, where ðK; g; JÞ is a Kähler manifold and hgi denotes the set of metrics di¤er-ing from g by multiplication for a positive factor. We define HðKÞ to be the group of biholomorphisms of K such that f Ã g ¼ lg, l A R þ , and we call such a map a homothety of K of dilation factor l. The dilation factor does not depend on the choice of g in hgi, so a homomorphism r is defined from HðKÞ to R þ associating to any homothety its dilation factor (see also [13] ). Note that ker r is the subgroup of HðKÞ containing the maps that are isometries of one and then all of the metrics in hgi. If K is given as a globally conformal Kähler manifold ðK; ½g; JÞ, then HðKÞ can be considered as the well-defined subgroup of AutðKÞ of homotheties with respect to the Kähler metrics in ½g. Remark moreover that the group of twisted Hamiltonian automorphisms of ðK; ½g; JÞ, being in fact Hamiltonian automorphisms for the Kähler metrics in ½g from Proposition 4.1, are a subgroup of the isometries of ðK; hgi; JÞ. We now give a condition for a locally conformal Kähler manifold covered by a globally conformal one to be globally conformal Kähler. Proof. The action of G can be seen as satisfying the hypothesis of the Reduction Theorem, so the first claim follows. However we give a straightforward construction.
Letg g be one of the Kähler metrics of the structure ofM M. Given an atlas fU i g for the covering map p, induce a local Kähler metric g i on any U i by projectingg g restricted to one of the connected components of p À1 ðU i Þ. Then g i and g j di¤er by a conformal map on U i X U j , hence by a partition of unity of fU i g one can glue the set fg i g to a global metric g which is locally conformal to the g i 's, hence is locally conformal Kähler. The conformal class of g is uniquely defined by this construction. Moreover, p Ã g is conformal tog g, as they are conformal on each component of the covering fp Ã ðU i Þg. If g 0 is a Hermitian metric on M such that p Ã g 0 is conformal tog g, then on each U i the restricted metric g 0 j U i is conformal to g i hence to gj U i , so g and g 0 are conformal. Now assume that G H HðKÞ, and that rðGÞ 3 1. Then G is not contained in the isometries of any Kähler metric ofM M. If in the class of ½g there existed a Kähler metric g then its pull-back p Ã g would belong to hg gi. But p Ã g being a pull-back implies that G acts with isometries with respect to it, which is absurd since rðGÞ 
is a momentum map for the action ofG G onM M with respect to the globally conformal Kähler metric p Ã g. Indeed
The same way one shows that mM M is a homomorphism of Poisson algebras, since such is m M . But now recall that from Remark 2.6 the property of an action to be twisted Hamiltonian is a conformal one, so the action ofG G is also twisted Hamiltonian for the Kähler metrics conformal to p Ã g, and is then ordinarily Hamiltonian for these Kähler metrics from Proposition 4.1. This in turn implies that Kähler reduction is defined and m À1 ð0Þ is di¤eo-morphic to m À1 M M ð0Þ=p 1 ðMÞ.
As the action ofG G is induced by p, it commutes with the action of p 1 ðMÞ, so the following diagram of di¤erentiable manifolds commutes: 
is proper and free, that is, G satisfies the hypothesis of the Reduction Theorem. So the first part of the theorem implies the second.
We are left to prove the claim. For simplicity we write m instead of mM M . First we show that for any g A G and X A g we have The condition on the parallelism of the Lee form is not invariant up to conformal changes of metric, and there is not in the literature a conformally invariant criterion to decide whether a given locally conformal Kähler manifold is Vaisman.
Such a criterion was recently given in [13] in the case of compact locally conformal Kähler manifolds. Here we shall use it to derive a presentation for compact Vaisman manifolds that behaves e¤ectively with respect to reduction.
The construction strictly links Vaisman geometry with Sasaki geometry. We start with the following definition-proposition, which is equivalent to the standard one. On this subject see [4] , [5] .
Definition 5.2. Let ðW ; g W ; hÞ be a Riemannian manifold of odd dimension bigger than 1 with a contact form h such that on the distribution h ¼ 0 the ð1; 1Þ-tensor J that associates to a vector field V the vector field K g i V dh satisfies J 2 ¼ À1. Call z the Reeb vector field of h. Define on the cone W Â R the metric g ¼ e t dt n dt þ e t p Ã g W and the complex structure that extends J associating to dt the vector field p Ã z, p being the projection of W Â R to W . This is equivalent to assigning to W Â R the same J and the compatible symplectic form W ¼ def dðe t p Ã hÞ. Then we say that ðW ; g W ; hÞ is a Sasaki manifold if its cone ðW Â R; e t dt n dt þ e t p Ã g W ; JÞ is Kähler.
The standard example is that of the odd-dimensional sphere contained in C n n0, with n f 2. The usual Kähler metric P dz i n dz i associated to the complex structure of C n n0 restricts to the sphere to a Riemannian metric and a CR-structure, respectively, that give to S 2nÀ1 the Sasaki structure whose cone is C n n0 itself, via the identification ðx; tÞ 7 ! e t=2 x.
It is well-known that the conformal metric jzj À2 P dz i n dz i has parallel Lee form. This property extends to every Kähler cone, as is implicit in [13] .
Lemma 5.3. The Kähler cone ðW Â R; g; JÞ of a Sasaki manifold admits the metric g g ¼ 2e
Àt g in its conformal class such that 'g g og g ¼ 0.
In particular the Lee form ofg g is Àdt.
Proof. Recall that the fundamental form W of g is Kähler, so the fundamental form 
The following also follows from computations developed in [13] .
Proposition 5.4. Let ðW ; g W ; hÞ be a Sasaki manifold, let G be a subgroup of HðW Â RÞ acting freely and properly discontinuously on W Â R, in such a way that rðGÞ 3 1 and for any g A G g f t ¼ f t g; that is, G commutes with the real flow generated by q t .
Then the induced locally conformal Kähler structure on M ¼ def ðW Â RÞ=G is a Vaisman structure, not globally conformal Kähler.
Proof. Since G H HðW Â RÞ and rðGÞ 3 1 the quotient has a locally non globally conformal Kähler structure, recall Proposition 4.4.
To show that the structure is Vaisman we show that G acts by isometries of the metric g g ¼ 2e
Àt g W ÂR , where by g W ÂR we denote the cone metric on W Â R. This is equivalent to show that G acts by symplectomorphisms of the conformal Kähler form 2e
Àt dðe t p Ã hÞ.
We claim that for any g A G the following properties hold:
For this, first note that g commuting with the real natural flow implies g Ã q t ¼ q t , it being holomorphic implies g Ã Jq t ¼ Jq t and it being conformal implies g Ã hq t ; Jq t i ? ¼ hq t ; Jq t i ? . Now remark that for X A hq t ;
hðJq t Þ and this implies the first claim. Now recall that p Ã h ¼ e Àt i q t W, so
which shows the second claim. Sog g factors through the action of G, hence inducing g M on M which, by Lemma 5.3, is Vaisman, and belongs to the locally conformal Kähler structure of M since
The characterization given in [13] shows in fact that any compact Vaisman manifold is produced this way. We briefly recall this construction, since some details which are less relevant in that work become necessary in this one, so we need to express them explicitly.
Remark that a vector field V generating a 1-parameter subgroup of AutðMÞ does not imply that the flow of JV is contained in AutðMÞ. If this happens, the set of the flows of the subalgebra generated by V and JV is a Lie subgroup of AutðMÞ of real dimension 2 that has a structure of complex Lie group of dimension 1. This motivates the following definition: Remark 5.6. The field q t on a Kähler cone of a Sasaki manifold generates a holomorphic conformal flow. Its flow f s ðw; tÞ ¼ ðw; t þ sÞ is in fact contained in HðW Â RÞ, and satisfies rðf s Þ ¼ e s , since pf s ¼ p and
The flow of Jq t , which is a vector field that restricts to the Reeb vector field of W , which is a Killing vector field of W , generates isometries of W Â R. We call the real flow generated by q t the natural real flow and the holomorphic conformal flow generated by q t the natural holomorphic flow of the Kähler cone.
Finally remark that for a biholomorphism h of a Hermitian manifold to commute with the flow of a vector field V it is necessary and su‰cient that it commutes with the whole holomorphic flow, since h Ã V ¼ V is equivalent to h Ã JV ¼ JV . So if a holomorphic conformal flow C is defined on a locally conformal Kähler manifold saying that it is preserved by an automorphism h is equivalent to saying that h preserves a real generator of C.
Theorem 5.7 (Kamishima and Ornea, [13] ). Let ðM; ½g; JÞ be a compact, connected, non-Kähler, locally conformal Kähler manifold of complex dimension n f 2. Then ðM; ½g; JÞ is Vaisman if and only if AutðMÞ admits a holomorphic conformal flow.
Proof. For the technical lemmas we refer directly to the cited paper.
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First, if M is a Vaisman manifold, then the dual vector field Ko of its Vaisman metric generates a holomorphic conformal flow, that is, both the flow of o K and the flow of Jo K belong to AutðMÞ, see [8] .
On the opposite direction let C be the holomorphic conformal flow on M. Fix a liftC C of C toM M. One proves (Lemma 2.1) that rðC CÞ ¼ R þ . Choose a vector field x onM M such that the flow fc t g of ÀJx is contained in ker rjC C . Remark that the flow ff t g of x is also contained inC C, sinceC C is a holomorphic conformal flow, and that t 7 ! rðf t Þ is surjective. ChooseW W in the homothety class of Kähler forms onM M in such a way that this homomorphism is t 7 ! e t , that is for any t
In particular the subgroup ff t g ofC C is isomorphic to R.
At this step the hypothesis of compactness of M is crucial: using this fact one proves that the action of ff t g is free and proper (Lemma 2.2). In particular x is never vanishing.
Define the smooth map
and remark that 1 is a regular value of s, that s À1 ð1Þ is non empty, hence is a regular submanifold ofM M that we denote by W (Proposition 2.2). Note that W is the submanifold of those points where x has unitary norm. In particular one proves that if x is in W then d x sðx x Þ ¼ 1, so x is transversal to W .
Denote by i the inclusion of W in M. It turns then out that ðW ; i Ã i xW W; i Ã gÞ is a connected Sasaki manifold, and that
ðw; tÞ 7 ! f t ðwÞ is an isometry with respect to the Kähler cone structure on W Â R.
One is left to show that p 1 ðMÞ satisfies the conditions of Proposition 5.4. Indeed r À p 1 ðMÞ Á 3 1 since M is non Kähler, and p 1 ðMÞ commutes with the real flow generated by q t since this last factors to M. r
The proof of this theorem proves in particular the following fact.
Corollary 5.8. Any compact Vaisman manifold ðM; ½g; JÞ can be presented as a pair ðW ; GÞ where W is a compact Sasaki manifold and G H HðW Â RÞ such that M is isomorphic as a locally conformal Kähler manifold to ðW Â RÞ=G. Moreover W can be chosen to be simply connected, hence W Â R is the universal covering of M and G is isomorphic to p 1 ðMÞ.
Remark 5.9. This can be reformulated in the following way. Consider the collection of pairs ðW ; GÞ as in the previous corollary. Given a Sasaki morphism one naturally induces a morphism on the Kähler cones by composing with identity on the factor R. So define the category S of pairs ðW ; GÞ by considering as morphisms between ðW ; GÞ and ðW 0 ; G 0 Þ those Sasaki morphisms (i.e. isometries preserving the contact form) which induce between W Â R and W 0 Â R morphisms which are equivariant with respect to the actions of G and G 0 . Define a functor between this category and the category of Vaisman manifolds (with morphisms given by holomorphic, conformal maps) by associating to ðW ; GÞ the manifold ðW Â RÞ=G and to a morphism the induced morphism between the quotients. This functor is surjective on the objects of the subcategory of compact Vaisman manifolds, but not on the morphisms.
We say that ðW ; GÞ is a presentation of M if M is in the image of ðW ; GÞ by this functor. This construction suggests the following definition. Remark that Vaisman morphisms are the set of locally conformal Kähler morphisms h that commute with the Vaisman real flow, that is, the real flow generated by the Lee field, and that admit a liftingh h A HðM MÞ such that rðh hÞ ¼ 1.
Remark 5.11. It must be noted that whenever ðM; ½g; JÞ is Vaisman and compact the Gauduchon metric is the Vaisman metric (well-defined up to homothety). This implies that AutðMÞ coincides with the holomorphic isometries of the Vaisman metric in this case. So Vaisman automorphisms coincide with the set of those h being isometries of the Vaisman metric that commute with the Vaisman real flow and admitting a liftingh h A HðM MÞ such that rðh hÞ ¼ 1.
Remark 5.12. In passing we remark that the categories we are talking about all admit a forgetting functor in corresponding ''symplectic'' categories, respectively locally conformal symplectic manifolds, homothetic symplectic manifolds and contact manifolds (with the functor given by symplectic cone construction). By associating to the pairs ðW ; GÞ the locally conformal symplectic manifolds ðW Â RÞ=G one obtains a subcategory that might represent the symplectic version of Vaisman manifolds. See [23] as a leading reference on locally conformal symplectic manifolds, in particular see the notion of locally conformal symplectic manifolds of first kind.
Reduction for compact Vaisman manifolds.
It is noted in [3] that G acting by isometries with respect to a Vaisman metric g does not imply that the reduced metric is Vaisman, since o g being parallel with respect to the Levi-Civita connection of g does not imply its restriction to m À1 ð0Þ being parallel.
We prove that our reduction is compatible with Sasaki reduction, see [11] , and thus show in Theorem 5.15 that reduction of compact Vaisman manifolds by the action of Vaisman automorphisms (whose action results to be always twisted Hamiltonian) produces Vaisman manifolds. Given a Sasaki manifold ðW ; h; JÞ we call Sasaki isomorphisms and denote by IsomðW Þ the di¤eomorphisms of W preserving both the metric and the contact form.
Theorem 5.13. Let À ðW ; h; JÞ; G Á be a pair in the category S and denote by M the associated Vaisman manifold. Let G H IsomðW Þ be a subgroup satisfying the hypothesis of Sasaki reduction. Then G can be considered as a subgroup of HðW Â RÞ. Assume that the action of G commutes with that of G, and that G acts freely and properly discontinuously on the Kähler cone À m
Then G induces a subgroup of AutðMÞ satisfying the hypothesis of the Reduction Theorem, and the reduced manifold is isomorphic with ÀÀ m
In particular the reduced manifold is Vaisman.
Proof. We first prove that the induced action satisfies the hypothesis of the Kähler reduction. The momentum map m W is
properly discontinuous on
W ÂR ð0Þ=G implies one can apply Theorem 4.5, so the isomorphism is proven. Then by applying Proposition 5.4 one sees that the reduced manifold is Vaisman. The theorem then follows. r Remark 5.14. The previous theorem also applies to non-compact Vaisman manifolds of the form ðW Â RÞ=G.
But now recall that Sasaki reduction, as contact reduction in fact, does not need a notion of Hamiltonian action, that is, the action of any subroup of Sasaki isometries lead to a momentum map, hence to reduction, up to topological conditions, that is m À1 ð0Þ being non-empty, 0 being a regular value for m, and G acting freely and properly discontinuously on m À1 ð0Þ. This implies the main result of this section. 
Moreover G acts freely and properly discontinuously on it, since the quotient m À1 M ð0Þ=G is a manifold, and commutes with its natural real flow. Then Theorem 5.13 applies, and this proves the theorem. r
A class of examples: weighted actions on Hopf manifolds
We apply the theorem in last section to the simple case when G ¼ Z is contained as a discrete subgroup of the natural holomorphic flow of W Â R. In particular the Vaisman manifold topologically is simply W Â S 1 . This nevertheless covers much of the already known examples of Vaisman manifolds, as was shown in [13] . We briefly review the definition of those manifolds.
First consider S 2nÀ1 equipped with the CR structure J coming from C n . The action on C n n0 of the cyclic group G a generated by z 7 ! az (for any a A C such that jaj > 1) produces the so-called standard Hopf manifolds. For any fc 1 ; . . . ; c n g A ðS 1 Þ n and any set A ¼ def fa 1 ; . . . ; a n g of real numbers such that 0 < a 1 e Á Á Á e a n the action of the cyclic group G fc 1 ;...; c n g; A H C generated by ðz 1 . . . z n Þ 7 ! ðe a 1 c 1 z 1 ; . . . ; e a n c n z n Þ produces the complex manifolds usually called non-standard Hopf manifold.
To endow the complex Hopf manifolds with a Vaisman structure let h 0 be the Sasaki structure coming from the di¤erential 2-form W ¼ Ài P dz i 5dz i of C n . The action of any G a is by homotheties for the cone structure, hence induces Vaisman structures À ðS 2nÀ1 ; h 0 ; JÞ; G a Á on standard Hopf manifolds. More generally, for any A ¼ fa 1 ; . . . ; a n g of real numbers such that 0 < a 1 e Á Á Á e a n let h A be defined the following way:
Fixed A one obtains that for any fc 1 ; . . . ; c n g A ðS 1 Þ n the action of G fc 1 ;...; c n g; A is by homotheties of the corresponding cone structure on C n n0, hence inducing Vaisman structures À ðS 2nÀ1 ; h A ; JÞ; G fc 1 ;...;c n g; A Á
on the non-standard Hopf manifolds (see [13] ).
We now analyze reduction of Hopf manifolds by means of circle actions: in fact by acting on ðS 2nÀ1 ; h A ; JÞ by a circle of Sasaki isometries, if n > 2, we generate, for every single G fc 1 ;...; c n g; A , a Vaisman reduced manifold of dimension 2n À 2, whose underlying manifold is the product of the Sasaki reduced manifold with S 1 .
Remark that the contact structures of the Sasaki manifolds ðS 2nÀ1 ; h A ; JÞ all coincide. Denote by ContðS 2nÀ1 Þ the set of contact automorphisms of S 2nÀ1 , which coincide with restrictions of biholomorphisms of C n .
For any
Þ be the subgroup of those maps h L; t , t A R, such that h L; t ðz 1 ; . . . ; z n Þ ¼ ðe il 1 t z 1 ; . . . ; e il n t z n Þ:
Remark that any G L is composed by holomorphic isometries of the standard Kähler structure. Moreover a direct computation shows that its action on S 2nÀ1 is by isometries for any of the h A . We call the action of G L weighted by the weights ðl 1 ; . . . ; l n Þ. It is easy to see that G L is isomorphic to the circle R=2pZ.
The corresponding momentum map for the Sasaki manifold ðS 2nÀ1 ; h A ; JÞ is defined by:
So a Sasaki reduction is defined whenever the weights are such that m À1 ð0Þ is not empty and the action on m À1 ð0Þ is free and proper. The condition that m À1 ð0Þ is not empty is equivalent to requiring that the signs of the l i are not all the same.
Let k ¼ kðLÞ A f1; . . . ; n À 1g be the number of negative weights of L, and assume the negative weights are the first k. Without loss of generality we might assume that k e n=2. Then there is a di¤eomorphism Call SðLÞ the quotient of this action. Since G L is compact for any L, this will generally be an orbifold. The following holds. Then Theorem 5.13 implies the following.
Corollary 6.2. For any L as in Proposition 6.1, for any ða 1 ; . . . ; a n Þ A R n such that 0 < a 1 e Á Á Á e a n and for any ðc 1 ; . . . ; c n Þ A ðS 1 Þ n there exists a Vaisman structure on SðLÞ Â S 1 , each being the reduction by the action of G L of the complex Hopf manifold associated to À ða 1 ; . . . ; a n Þ; ðc 1 ; . . . ; c n Þ Á endowed with its Vaisman structure.
Quite surprisingly we were able to find very little information in literature on the topological type of the reductions SðLÞ, even though the weighted circle actions on C n n0 are natural examples of Hamiltonian circle actions. In the following examples we list the topological type of some cases. Example 6.3. Assume that n f 2, k ¼ 1, that is, l 1 < 0, l i > 0, i ¼ 2; . . . ; n. Then the space m À1 ð0Þ is di¤eomorphic to S 1 Â S 2nÀ3 .
One easily shows that SðÀ1; 1; . . . ; 1Þ is S 2nÀ3 . One can also show that the Sasaki structure reduced from the standard is again the standard one, so any standard Hopf manifold comes as a reduction of the corresponding Hopf manifold of higher dimension. This is also shown in [3] .
In turn, as shown in [11] , for any positive integer p, SðÀp; 1; . . . ; 1Þ is di¤eomorphic to S 2nÀ3 =Z p , so we obtain a family of Vaisman structures on ðS 2nÀ3 =Z p Þ Â S 1 . In particular for n ¼ 3 we obtain Sasaki structures on lens spaces of the form Lðp; 1Þ, hence Vaisman structures on complex surfaces di¤eomorphic with Lðp; 1Þ Â S 1 .
Example 6.4. If n ¼ 4, k ¼ 2, then m À1 ð0Þ is di¤eomorphic to S 3 Â S 3 . In particular SðÀ1; À1; 1; 1Þ is known to be S 3 Â S 2 , see [11] . So we obtain a family of Vaisman structures on S 3 Â S 2 Â S 1 . It is interesting to note that reducing from the standard structure one obtains a manifold that also bears a semi-Kähler structure, when seen as twistor space of the standard Hopf surface. x kÀ1 z k À x k z 2 Þ; ðz 1 ; . . . ; z k Þ Á and remark that it is equivariant with respect to the action of G ðÀ1;...; À1; 1;...; 1Þ on the first space and the action on the second space given by the product of the trivial action on the first factor and the Hopf action on the second factor. This proves that SðÀ1; . . . ; À1; 1; . . . ; 1Þ is di¤eomorphic to S 4sÀ1 Â CP 2sÀ1 . Thus we obtain families of Vaisman structures on S 4sÀ1 Â CP 2sÀ1 Â S 1 .
Example 6.6. If the weights on one of the spheres coincide, then the action factors through the corresponding projective space. For example for any positive integer p the manifold SðÀp; Àp; Àp; l 4 ; l 5 Þ is a fiber bundle over CP 2 .
The general tools one might use to investigate the manifolds SðLÞ are the homotopy exact sequence and the (co)homology Thom-Gysin sequence of the fibration S 1 ,! S 2kÀ1 Â S 2nÀ2kÀ1 ! SðLÞ.
From the homotopy exact sequence it is easy to obtain that for k > 1 the manifolds SðLÞ are simply connected. In the case of Example 6.4 the manifolds SðLÞ are then simply connected 5-manifolds, which we recall were completely classified up to di¤eomorphism in [1] . As for the case of n ¼ 5, k > 1, an important class of simply connected 7-manifolds is described in [7] .
